Abstract. We consider a construction of observables by using methods of supersymmetric field theories. In particular, we give an extension of AKSZ-type observables constructed in [37] using the Batalin-Vilkovisky structure of AKSZ theories to a formal global version with methods of formal geometry. We will consider the case where the AKSZ theory is "split" which will give an explicit construction for formal vector fields on base and fiber within the formal global action. Moreover, we consider the example of formal global generalized Wilson surface observables whose expectation values are invariants of higher-dimensional knots by using BF field theory. These constructions give rise to interesting global gauge conditions such as the differential Quantum Master Equation and further extensions.
Observables play a fundamental role in theoretical and mathematical physics. They are used in several constructions, e.g. deformation quantization and factorization algebras. In [37] , a method for constructing observables in the setting of AKSZ theories was introduced, where several examples, including Wilson loop type observables for different theories, have been addressed. These constructions were given using the approach of supersymmetric field theory and methods of functional integrals. In particular, the focus lies within a special formalism dealing with gauge theories which is called the Batalin-Vilkovisky (BV) formalism. This formalism was developed by Batalin and Vilkovisky in a series of papers [8, 7, 5] during the 1970's and 1980's in order to deal with the functional integral quantization approach where the Lagrangian is invariant under certain symmetries and the integral is ill-defined. They have shown (later also formulated in a more mathematical language by Schwarz) that these issues can be resolved by replacing the ill-defined integral by a well-defined (after some regularization is also introduced) one without changing the final value. The mathematical structures of this powerful formalism have been studied since then by many different people. AKSZ theories [1] (named after Alexandrov, Kontsevich, Schwarz and Zaboronsky) are a particular type of field theories where the space of fields is given by a mapping space between manifolds. It can be shown that these theories, regarded in a special setting, will give rise to field theories as formulated in the BV setting. Many interesting theories are in fact of AKSZ-type, e.g. Chern-Simons theory [46, 3, 4, 18, 22] , the Poisson sigma model [31, 42, 16] , Rozansky-Witten theory [41] , the Courant sigma model [40] , BF theory [38, 20] , Witten's A-and B-twisted sigma models [47] and 2D Yang-Mills theory [32] . The globalization idea originates from a field theoretic approach to globalization of Kontsevich's star product [33] in deformation quantization. The associated field theory is given by the Poisson sigma model. The Poisson sigma model is a 2-dimensonal bosonic string theory with target a Poisson manifold which was first considered by Ikeda [31] and Schaller-Strobl [42] by the attempt of studying 2D gravity theories and combine them to a common form with Yang-Mills theories. Using the Poisson sigma model on the disk, Cattaneo and Felder have proven that Kontsevich's star product is exactly given by the perturbative expansion of its functional integral quantization [15] . Regarding the fact that the Poisson sigma model is a gauge theory, it is interesting to note that it is a fundamental non-trivial theory where the BRST gauge formalism [11, 10, 9, 44] does not work if the Poisson structure is not linear. In fact, to treat the Poisson sigma model and its quantization, one has to use the BV formalism. However, the field theoretic construction of Kontsevich's star product was only considered locally since Kontsevich's formula was only given for the local picture on the upper half-plane. Later on, using techniques of formal geometry, developed by e.g. Gelfand-Kazhdan [30] or Bott [13] , it was possible to construct a globalization, similar to the approach of Fedosov for symplectic manifolds which only covers the case of constant (symplectic) Poisson structures [28] . In [17, 12] this approach was first extended to the field theoretic BV construction of the Poisson sigma model for closed source manifolds. In recent work [25] this construction was extended to the case of source manifolds with boundary. There one has to extend the BV formalism to the BV-BFV formalism which couples the boundary BFV theory to the bulk BV theory such that everything is consistent in the cohomological formalism. Here BFV stands for Batalin-Fradkin-Vilkovisky which formulated a Hamiltonian version of the BV construction in [6, 29] . The bulk-boundary coupling (the BV-BFV formalism) was first introduced classically in [20, 19] and extended to the quantum version in [21] . The globalization construction for the Poisson sigma model on manifolds with boundary was more generally extended in [24] to a special class of AKSZ theories which are called "split" where the case of the Poisson sigma model is an example. The aim of this paper is to extend the constructions of [37] to a formal global construction. In fact we will construct formal global observables by using the notion of a Hamiltonian Q-bundle [34] together with notions of formal geometry, and we will study the formal global extension of Wilson loop type observables for the Poisson sigma model. Additionally, we discuss the formal global extension of Wilson surface observables which have been studied in [27] by using the AKSZ formulation of BF theories. We will show that these constructions lead to interesting gauge conditions such as the differential Quantum Master Equation (and further extensions). These constructions are expected to extend to manifolds with boundary by using the BV-BFV formalism as the globalization constructions have been studied for nonlinear split AKSZ theories on manifolds with boundary [24] .
Acknowledgements: I would like to thank Alberto Cattaneo for useful comments and remarks on a first draft of these notes.
The BV formalism
In this section we will recall some aspects of the Batalin-Vilkovisky formalism as in [21, 39] . An introductory reference for learning about the formalism is [23] , which also covers the most important concepts of supergeometry and the case of manifolds with boundary (BV-BFV).
Definition 2.1 (BV manifold).
A BV manifold is a triple
, S is an even function on F of degree 0 and ω is an odd symplectic form on F of degree −1. Moreover, we want that S satisfies the Classical Master Equation (CME)
where { , } ω denotes the odd Poisson bracket induced by the odd symplectic form ω. This odd Poisson bracket is also called BV bracket and, according to Batalin and Vilkovisky, is often denoted by round brackets ( , ). We will call F the BV space of fields 2 , S the BV action (sometimes also called the master action) and ω the BV symplectic form.
Remark 2.2.
In physics, the Z-grading is called the ghost number. We will denote the ghost number by gh and the form degree by deg.
Remark 2.3.
The data of a BV manifold induces a symplectic cohomological vector field Q of degree +1 which is given by the Hamiltonian vector field of S, i.e. 
Definition 2.4 (Exact BV manifold). A BV manifold is called exact if ω = δα for some primitive 1-form α.
1 Typically, this is an infinite-dimensional manifold. However, there are certain cases where this is a finite-dimensional manifold, e.g. if we consider the moduli of flat connections on a compact, oriented 2-manifold with holonomies on the boundary according to Atiyah and Bott [2] which is of importance regarding BF theory. 2 Usually, the BV space of fields is given by the (−1)-shifted cotangent bundle of the BRST space of fields, i.e.
In what will follow, we will mostly consider exact BV manifolds. According to the use of sigma models we want to consider space-time manifolds as the source manifolds for our theory. Moreover, in this paper we will restrict ourself to topological theories.
Definition 2.5 (BV theory).
A BV theory is an assignment of a manifold Σ to a BV manifold
Definition 2.6 (Quantum BV manifold). A quantum BV manifold is a quadruple (F , ω, µ, S) such that F is a Z-graded supermanifold, ω a symplectic form on F of degree −1, µ a volume element of F which is compatible with ω in the sense that the associated BV Laplacian
and S is a degree 0 function on F such that it satisfies the QME (8).
Moreover, define δ BV to be the degree +1 operator given by
The following theorem is one of the main statements in the formalism developed by Batalin and Vilkovisky. In its present form it was stated by Schwarz on general manifolds [43] .
Theorem 2.7 (Batalin-Vilkovisky). For any half-density f on F we have:
( where the integral is well-defined. In application to quantum field theory, we have f = e i S . Hence, for gauge-independence, we need to impose
The condition (8) is called the Quantum Master Equation (QME). If we let S depend on , we can see that in order zero we get the CME {S, S} ω = 0. One can then solve (8) order by order.
3. AKSZ Theories 3.1. Preliminaries. In [1] , Alexandrov, Kontsevich, Schwarz and Zaboronsky have proposed a class of local field theories which are compatibel with the Batalin-Vilkovisky gauge formalism construction, in the sense that the constructed local actions are solutions to the Classical Master Equation (CME). Hence, these theories give a subclass of BV theories. In this section we want to recall the most important notions of AKSZ sigma models. We start with defining the ingredients.
Definition 3.1 (Differential graded symplectic manifold).
A differential graded symplectic manifold of degree k is a triple
is a function on M of degree k + 1, and ω M ∈ Ω 2 (M) is an exact symplectic form of degree k with primitive 1-form α M ∈ Ω 1 (M), such that
where { , } ω M is the odd Poisson bracket induced by ω M . We have denoted by d M the de Rham differential on M.
Remark 3.2.
We denote by Q M ∈ X(M) the Hamiltonian vector field of Θ M , defined by the equation 
We can consider the mapping space of graded manifolds from T [1] Σ d to M to be our space of fields:
where Map GrMnf denotes the mapping space between graded manifolds 3 .
and the master action
Hamiltonian Q-bundles
We want to construct a combination of the notion of Q-manifolds and the concept of Hamiltonian vector fields together with the notion of vector bundles, where we want to extend most of our constructions on the fiber (see also [34] ). We will see that the fiber will represent the target of an AKSZ theory for an embedded source manifold when lifted to an AKSZ-BV theory. We will call the fiber theory auxiliary. In this section we will give the main definitions as in [37] . Let us start with the definition of the trivial case. (25) π :
where Q E denotes the Q-structure on the total space E.
Remark 4.2. Note that this implies that
Q E = Q M + V, where V ∈ ker dπ C ∞ (M) ⊗X(N ) denotes the vertical part of Q E . The fact that [Q E , Q E ] = 0 can be translated to (26) [Q M , Q M ] =0 +[Q M , V] + 1 2 [V, V] = 0.
Definition 4.3 (Trivial Hamiltonian Q-bundle).
A trivial Hamiltonian Qbundle of degree n ∈ Z is a trivial Q-bundle
as in Definition 4.1 with Q E = Q M + V such that the fiber N is endowed with an exact symplectic structure ω N = d N α N ∈ Ω 2 (N ) of degree n with α N ∈ Ω 1 (N ) and a Hamiltonian function Θ E ∈ C ∞ (E) of degree n + 1 satisfying
We can now give the definition of a general Hamiltonian Q-bundle.
Definition 4.4 (Hamiltonian Q-bundle).
A Hamiltonian Q-bundle is a Qbundle π : E M where the total space E is endowed with a degree n exact pre-symplectic form ω E = d E α E such that ker ω E ⊂ TE is transversal to the vertical distribution T vert E and hence ker ω E defines a flat Ehresmann connection ∇ ω E . Morover, there is a Hamiltonian function Θ E ∈ C ∞ (E) with
denotes the vertical part of the de Rham differential on E as a pullback by the natural inclusion T vert E ֒ TE. Finally, we also want that (29) Q
where we split
into its horizontal and vertical parts by using the Ehresmann connection ∇ ω E defined by ω E .
Observables in the BV formalism
We want to define certain classes of observables arising within the BV construction which are compatible with the structure of an underlying Qbundle. We will start with the classical setting. 
or equivalently, O and O have the same Q-cohomology class. we define a pre-observable to be a Hamiltonian Q-bundle over F of degree −1. We denote the fiber by F aux and call them the space of auxiliary fields, which itself is endowed with a symplectic structure ω aux of degree −1 and an action functional S aux ∈ C ∞ (F × F aux ) of degree 0 such that
Using the notions of quantum BV manifolds as in Definition 2.6, we can define a fiber auxiliary version which is compatible with the Hamiltonian Q-bundle construction as in Definition 4.4.
Definition 5.4 (BV semi-quantum pre-observable). For a classical BV theory (F , S, Q, ω) we define a BV semi-quantum pre-observable to be a quadruple
such that µ aux is a volume form on F aux compatible with ω aux , i.e. the associated BV Laplacian on C ∞ (F aux ) given by (33)
which is equivalent to
Remark 5.5. The name "semi-quantum" is chosen since it is not a quantum observable yet, but rather the theory whose functional integral quantization will lead to a quantum observable in the sense that it is closed with respect to the infinitesimal symmetries.
We also want to extend the notion of equivalent pre-observables to the case of semi-quantum pre-observables.
Definition 5.6 (Equivalent BV semi-quantum pre-observables). Two BV semi-quantum pre-observables
are said to be equivalent if there exists a function 
Definition 5.8 (Good auxiliary splitting)
. We say that a semi-quantum preobservable (F aux , S aux , ω aux , µ aux ) has a good splitting if there is a decomposition
where ω aux 1 is a symplectic form on F aux , ω aux 2 is a symplectic form on F aux , µ aux 1 is a volume form on F aux and µ aux 2 is a volume form on F aux .
Remark 5.9. This is in fact the trivial case. The general version, called hedgehog, is discussed in [21] . Remark 5.10. We split the auxiliary fields into high energy modes F aux and low energy modes F aux . This splitting can be done by using Hodge decomposition of differential forms into exact, coexact and harmonic forms (see Appendix A of [21] ). Note that, in addition, we might also have background fields. If Σ d would have boundary, one can in general split the space of fields into three parts, the low energy fields, the high energy fields and the boundary fields. The boundary fields are generally given by techniques of symplectic reduction as the leaves of a chosen polarization on the boundary. This is the content of the BV-BFV formalism [20, 21, 23] .
) defines a semi-quantum pre-observable for the same BV theory. Moreover, the observable for the BV theory induced by S aux using Equation (37) with a Lagrangian submanifold L ⊂ F aux is equivalent to the one induced by S aux using the La-
Remark 5.12. Note that Equation (40) means that S aux is the low energy effective action (zero modes).
Observables for quantum BV manifolds.
Definition 5.13 (BV quantum observable). A BV quantum observable for a quantum BV manifold is a function O on F of degree 0 such that
Definition 5.14 (Equivalent BV quantum observables). Two BV quantum observables O and O are said to be equivalent if
or equivalently, O and O have the same δ BV -cohomology class.
Definition 5.15 (BV quantum pre-observable). A BV quantum pre-observable
for a BV manifold is a BV semi-quantum pre-observable
where S + S aux satisfies the QME 
Formal global split AKSZ sigma models
The formal global construction for ASKZ sigma models is given by using methods of formal geometry (see [30, 13] for the formal geometry part, and [24] for the formal global split AKSZ construction). We want to first recall the most important notions of formal geometry and second describe the extension to formal global AKSZ theories.
6.1. Notions of formal geometry. We start with the notion of formal geometry and introduce the main players. A generalized exponential map is a map φ :
where (x i ) are coordinates on the base and (p i ) are coordinates on the fiber. 
is a 1-form with values in derivations of the completed symmetric algebra of the cotangent bundle. Here R acts on sections
Hence, for σ ∈ Γ Sym(T * M) we have
Note that we can extend the connection D to the complex
The following proposition tells us that the D-closed sections are exactly given by smooth functions. 
is concentrated in degree 0 and
Remark 6.4. Note that we use any representative of φ to define the pullback. (45) and (47), We can see that R = δ + R ′ where δ = dx i ∂ ∂p i and R ′ is a 1-form with values in vector fields vanishing at p = 0. Then we have
Proof of Proposition 6.3. If we use
One should note that δ is itself a differential and that it decreases the polynomial degree in p, whereas D ′ does not decrease the degree. We can show that the cohomology of δ consists of 0-forms which are constant in p. To show this, let
and note that
where σ is an r-form of degree s in p such that r + s = k. By cohomological perturbation theory the cohomology of D is isomorphic to the cohomology of δ.
Note that in local coordinates we get for f ∈ C ∞ (M)
interesting question is how the Grothendieck connection depends on the choice of formal exponential map. Let I ⊂ R be an open interval and let φ be a family of formal exponential maps depending on a parameter t ∈ I. 4 Since
is the algebra of functions on the formal graded manifold
M, the differential D turns this graded manifold into a differential graded manifold. In particular, since D vanishes on the body of the graded manifold, we can linearize at each x ∈ M and obtain an L ∞ -structure on
This family may be associated to a family of formal exponential maps ψ on
where τ denotes the tangent coordinate to t. The associated connection R is defined by (53)
Thus we can write R = R + Cdt + T with R defined as before with the difference that it now depends on t, C is given by
Thus, using the Maurer-Cartan equation for R and for R, we get
which shows that under a change of formal exponential map, R changes by a gauge transformation with generator C.
This can be thought of as an associated gauge transformation for sections. 
of degree d − 1. As described in Section 3.2, we can consider its induced AKSZ theory with the space of fields
Consider now a formal exponential map φ : TM M. Then we can lift the space of fields by φ. For x ∈ M we denote the lifted space of fields by
Note that we have used the fact that
This construction gives us a linear space for the target and thus we can identify the fields with differential forms on Σ d with values in the vector space T x M for x ∈ M. Consider the map
which is given by composition with φ −1
. We can lift the BV symplectic 2-form ω Σ d , the primitive 1-form α Σ d and the BV action S Σ d to the lifted space of fields. We will denote the lifts by
Note that we can regard a constant map x :
We can construct a 1-form 
It is important to recall that classical solutions for AKSZ sigma models, i.e. solutions of δS Σ d = 0, are given by differential graded maps
Hence we can consider the moduli space of classical solutions M cl for AKSZ theories which is given by constant maps x : T [1] Σ d M and thus we get an isomorphism M cl M. We will refer to this constant solutions as being background fields. Choosing a background field x ∈ M, we can define a formal global AKSZ action.
Definition 6.5 (Formal global AKSZ action). The formal global AKSZ action is given by
where
Hence locally we get we get
where α µ are the coefficients of
Remark 6.6. This construction has to be understood in a formal way. The geometric meaning and the relation to a global construction is clear when using the relation of R Σ d to the Grothendieck connection D. This can be done if we start with a theory called split which we will introduce now.
6.3. Formal global split AKSZ sigma models. AKSZ theories can generally be more difficult to work with depending on the target differential graded symplectic manifold M. Recall that, using the isomorphism (59), if the target is linear, we have an isomorphism
Moreover, we can split the space of fields by considering M to be the shifted cotangent bundle of a linear space. At first, however, we only want M to be the shifted cotangent bundle of any graded manifold M. This leads to the following definition of AKSZ theories. This space can be lifted to a formal construction using methods of formal geometry as in Section 6.1 to the shifted cotangent bundle of the tangent space of M at some constant background in M. Consider a d-dimensional split AKSZ sigma model with space of fields given by
for some graded manifold M, with its corresponding AKSZ-BV theory
Note that, similarly as for general AKSZ theories, one type of classical solutions to the Euler-Lagrange equations for split AKSZ theories are given by fields of the form (x, 0) where x : Σ d M is a constant background field. Note that the classical space of fields F Σ d is given by vector bundle maps
Then the BV space of fields is given by (70). Thus, for the classical space of fields F Σ d , we have a moduli space of classical solutions
Moreover, for a chosen formal exponential map φ : TM M and a constant background field x : Σ d M regarded as an element of the moduli space of classical solutions M cl , one can consider the lifted space of fields 
Remark 6.10. Note that in this case we get a lift of R as defined in Section 6.1 to the space of fields which splits into base and fiber fields by
Hence the induced 1-form R Σ d is indeed given by
where R j ℓ are the components of R ∈ Ω 1 M, Der( Sym(T * M) .
The Q-structure is given by the Hamiltonian vector field of S
and let
Denote by
. Then we can define a cohomological vector field
is the Hamiltonian vector field of
and hence we have
This is in fact true if the source manifold is closed, i.e. ∂Σ d = ∅. We have denoted the map by "Back" to indicate the variation of the "background". 
Remark 6.14. Note that the CME has to be replaced by the dCME as in (84) in the formal global setting. 
the Hamiltonian on the total space E and by V E ∈ ker dπ the vertical part of Q E , such that
Consider the corresponding AKSZ-BV theory with BV manifold given by
as it was constructed in Section 3. Let i : Σ k ֒ Σ d be the embedding of a closed oriented submanifold of dimension k ≤ d and let the auxiliary space of fields be given by
Moreover, consider the transgression maps
corresponding to the fiber N and the total space E. Define
, where X vert denotes the space of vertical vector fields, and let
, where
Proposition 7.1 ([37]). Consider the data given by
Then the quadruple
pre-observable for the AKSZ-BV theory as in (85), that is we have
5 Note that extending to the case with auxiliary fields F × F aux , we can extend π to a map
Remark 7.2. This pre-observable is invariant under reparamterizations of Σ k and under diffeomorphism of the ambient manifold
Formal global AKSZ pre-observable. We want to extend the constructions above to a formal global lift by using methods of formal geometry as in Section 6. It turns out that the formal global lift of the pre-observable constructed in the previous section is not automatically a pre-observable. In particular, it is spoilt by an obstruction which can be phrased as an equation that has to be satisfied. Hence we get the following theorem. 
constructed by using a formal exponential map TM M, together with the formal global fiber
constructed using a formal exponential map TN N , defines a pre-observable if and only if
Remark 7.4. Moreover, for an exponential map φ : TN N , we set
and thus we have a decomposition, similarly as in (79), of the formal global action as
The following Lemma is going to be useful for the proof of Theorem 7.3.
Lemma 7.5. Let Σ be a compact, connected manifold and let M be a differential graded symplectic manifold. Moreover, let X ∈ X(T[1]Σ), Y ∈ X(M), Ξ ∈ Ω • (M) and denote the lifts of X and Y to the mapping space by X and Y respectively. Then
Proof of Theorem 7.3. First we note that the lift
, the space of vertical vector fields on the lifted mapping spaces, is the Hamiltonian vector field for S AKSZ Σ k ,y , i.e. we have
Indeed, we have
where we have used Lemma 7.5 and the fact that φ * direction. Similarly, we have
Moreover, we have
The first two terms of the left hand side of (106) are given by
, we get
Using (107), (108), (109) and (110) we get
which implies that
is constant in the direc-
and the claim follows.
Corollary 7.6. An equivalent condition for the formal global AKSZ-BV theory as in Theorem 7.3 to be a pre-observable is given by
where we have used that V E
is the Hamiltonian vector field of S AKSZ Σ k ,y and the fact that [12] (114)
the last equality (under the braces) follows from the fact that D is a flat connection on Sym(T * N ) which can be translated into
Moreover, it is easy to see that S Σ k ,ℓR,y = ℓ S Σ k ,R,y for any ℓ ∈ R.
Formal global auxiliary construction in coordinates.
We want to describe the auxiliary theory as well as its formal global extension in terms of coordinates. The description follows similarly from the description of the ambient theory as in Section 3.2 and its formal global extension as in Section 6.2. Let (v j ) be even local coordinates on Σ k and consider the corresponding odd local coordinates
associated to local homogeneous coordinates (y ν ) of N . Note that locally we have
Hence we get
and thus we get an action for the auxiliary fields as
These expressions can be lifted to the formal global construction. Indeed, consider a formal exponential map φ :
and B = φ −1 y (B) be the lift of B to F N Σ k ,y for x ∈ M and y ∈ N . Then we get
where α N ν and ω N ν 1 ν 2 are the coefficients of α N ∈ Ω 1 (TN ) and ω N ∈ Ω 2 (TN ) respectively. If we set Θ E,y := T φ * y Θ E , the auxiliary formal global AKSZ action is then given by
Formal global split auxiliary construction in coordinates.
If we consider a split AKSZ model with target M = T * [d − 1]M, for some graded manifold M, for the ambient theory associated to Σ d , we can consider a split construction for the auxiliary theory associated to the embedding i :
The description is analogously given by the one of the ambient theory as in Section 6.3. Hence we have
and choosing a formal exponential map φ : TN N together with y ∈ N we get
Then we can write A = A, B ∈ F
, thus we have an auxiliary formal global split AKSZ action given by
where R ∈ Ω 1 N, Der( Sym(T * N)) .
From pre-observables to observables
8.1. AKSZ-observables. We want to construct the observables for the AKSZ theories out of pre-obsrvables by integrating out means of auxiliary fields similarly as in Proposition 5.7. For a submanifold i :
There are several things to note. First, O Σ k depends only on the fields in
which is consistent with the definition of an observable. Moreover, the Q Σ k -cohomology class of O Σ k does not depend on deformations of the Lagrangian submanifold L ⊂ F Σ k and is invariant under isotopies of Σ k . We get the following Proposition.
Proof. Indeed, we have There is a similar invariance result for diffeomorphisms of the ambient manifold Σ d which is the content of the following Proposition.
. This is indeed true since O Σ k only depends of the ambient field A via the pullback by i. Another important property is that the correlator of an observable should be invariant under ambient isotopies.
Proof. Indeed, we have
where we have used Proposition 8.2 and that the AKSZ action S Σ d (see Remark 7.2) and the functional integral measure D[A] are invariant under diffeomorphisms for our theory is topological.
Formal global AKSZ-observables.
The construction above can be extended to a formal global one if we start with a formal global pre-observable. Then we have
If we start with a split AKSZ theory we get
We have the following proposition (quantum version of (84)).
Proposition 8.4 (dQME).
The differential Quantum Master Equation (dQME) for the formal global split AKSZ-observable holds:
Proof. Note that we have (137)
which we can write as
if we assume that ∆ S Σ k ,R,y = 0, which is true e.g. if the Euler characteristic of Σ k is zero or if div Tφ * µ R = 0, where µ is some volume form on N . Note that d y Tφ * µ = −L R Tφ * µ which means that div Tφ * µ R = 0 if and only if d y Tφ * µ = 0. For any volume element µ it is always possible to find a formal exponential map φ such that the latter condition is satisfied. Note that this is then also translated into the differential Quantum Master Equation
and by the assumption ∆ S global Σ k ,y = 0, we obtain the differential CME as in (84). Hence the claim follows. Remark 8.6. The dQME as in (136) can be thought of as a descent equation for different form degrees. In fact we have
Remark 8.7. Note that if N is a point, we have V E = 0, ω
The associated pre-observable is then given by
Hence, since there are no auxiliary fields B, the constructed observable is given by
This can be easily lifted to a formal global pre-observable by
Thus, we get a formal global observable by
Loop observables.
Let us consider the case where S 1 is embedded into Σ d , i.e. i : Σ 1 := S 1 ֒ Σ d and assume that N is given by a ordinary symplectic manifold with symplectic structure ω N = d N α N , which means that N is concentrated in degree zero. Let σ denote the coordinate on Σ 1 . Then we can write the auxiliary field as
and hence we get a pre-observable by 
Hence we can construct the observable as
where we have chosen the natural Lagrangian submanifold
which is obtained by setting all odd variables B (1) to zero.
Remark 8.8 (Bohr-Sommerfeld).
If N is a differential graded symplectic manifold of degree different from zero, we know that the symplectic form ω N is always exact since we can write it as
where E is the Euler vector field. For the degree zero case, the symplectic form does not automatically have a primitive 1-form and hence one can not immediately define S kin
. However, one can also assume that ω N satisfies the Bohr-Sommerfeld condition, which says that
Then the primitive 1-form can be understood as a Hermitian line bundle over N endowed with a U(1)-connection ∇ N such that its curvature is given by (∇ N ) 2 = ω N . Thus we can define
to be given by the holonomy of B (0) * ∇ N around Σ 1 . Using Stokes' theorem we get
where D is a disk with ∂D = Σ 1 and B ext (0) is any extension of B (0) to D.
Remark 8.9. This construction can be obviously extended to the formal global case. The case of a dimension 1 submanifold gives the same auxiliary theory as for the case when our theory is split.
Formal global loop observables.
The following proposition is an extension of Proposition 5 in [37] to the formal global case. 
x Θ E and assume that
for x ∈ M. Then for Σ 1 := S 1 we get that 
Moreover denote by ψ (0) (t) and ψ (1) (t, dt) the 0-and 1-form part of ψ. Then, for the 1-form part, we get
Then we get (156)
We have used (154), which gives us
where [ , ] denotes the commutator of operators. Now if Σ 1 := S 1 we have γ(0) = γ(1), and thus we get (158)
where A (0) denotes the degree zero component of A.
Remark 8.12. The construction in Proposition 8.10 does not require ω N to be exact. It is in fact enough to require that ω N satisfies the Bohr-Sommerfeld condition as discussed in Remark 8.8. This is necessary for the assumption that N can be geometrically quantized. Let (x, p) be base and fiber coordinates on T * [1]M. Then we can define a differential graded symplectic manifold as the target of the AKSZ theory by the data
The corresponding 2-dimensional AKSZ-BV theory is given by the data
Choosing a formal exponential map φ : TM M together with a background field x :
M, the formal global action for the Poisson sigma model is given by
We want to construct a formal global Wilson loop like observables using the Poisson sigma model toegtehr with an auxiliary theory for an embedding i :
which can be viewed as a map N X(M). We can construct a vertical vector field V on the trivial bundle N × M N with the property
where [ , ] SN denotes the Schouten-Nijenhuis bracket defined on polyvector fields on M. We have a degree 0 Hamiltonian Q-bundle structure on
with fiber N endowed with the structure
where E = T * [1]M×N . If we use the notation of Section 8.3, we can associate a pre-observable to the Poisson sigma model given by the data (146) and (147) together with the auxiliary action
Choosing a formal exponential map φ : TN N together with local coordinates we can lift this to a formal global auxiliary action
The corresponding auxiliary formal global observable is given by
where we use the gauge-fixing Lagrangian
If we assume that (N , ω N ) can be geometrically quantized to a space of states H and V is quantized to an operator-valued vector field 
The solutions to the Euler-Lagrange equations δS = 0 for S defined as in (220) are given by
Remark 9.2. One can check that the BF action is invariant under the action of
It is then easy to check that S(A g , B (g,σ) ) = S(A, B).
Consider an embedded submanifold i : Σ d−2 ֒ Σ d and consider the pullback bundle of P by i according to the diagram
We can now formulate an important type of classical action which is important for the study of higher-dimensional knots [27] .
Definition 9.3 (Wilson surface action). The
Wilson surface action is given by give certain higher-dimensional knot invariants [26] . These invariants are based on the construction of invariants by Bott [14] giving the generalization to a family of isotopy invariants for long knots R n ֒ R n+2 for odd n ≥ 3, which are based on constructions involving combinations of configuration space integrals. In [45] it was proven that these invariants are of finite type for the case of long ribbon knots and that they are related to the Alexander polynomial for these type of knots. Further generalizations based on this construction, in particular for rectifiable knots, have been given in [35, 36] .
9.2. BV formulation of BF theory. We can consider BF theory in terms of its BV extension. The BV space of fields is given by
where A = Ω 1 (Σ d , ad P). We will denote the superfields in [1] which is induced by the Lie bracket on g.
Remark 9.6. If we consider local coordinates on g with corresponding basis (e i ), we have
where f k ij denotes the structure constants of g.
Moreover, for A ∈ Ω • (Σ d , ad P) [1] we get the curvature
where A 0 is any reference connection and a := A − A 0 ∈ Ω • (Σ d , ad P) [1] . If we choose a volume element µ which is compatible with ω Σ d , we can define the BV Laplacian by
Then we can show that the QME holds: We want to deal with B perturbatively, that means we can consider solutions to dα = dβ = 0 instead and hence we look at solutions of the form α = const and β = 0. This means that the constant field α is going to take the place of the background field. The Wilson surface observable is then given by where µ is a volume element on the moduli space of classical solutions for the auxiliary theory which is given by
By abbuse of notation we will also denote the perturbation of α around x ∈ R by α. Moreover, if we assume that P is a trivial bundle, not for the abelian case, we get
]). (197)
Remark 9.8. The assumption that P is trivial is similar to a formal lift by choosing a formal exponential map, whereas the background field is given by a constant critical point of the form (x, 0) with constant background field
. In fact, it induces a linear split theory as in Definition 6.7.
9.4. BV extension of Wilson surfaces. We will now construct the BV extended observable for the auxiliary codimension 2 theory in the case where P is a trivial bundle. Let (198) Proposition 9.11 ([27] ). We have
Remark 9.12. Proposition 9.11 is a consequense of the fact that dπ * = (−1) d π * d and (188).
Denote by ∆ Σ d−2 the BV Laplacian for the auxiliary theory. Then we get the following proposition. 
where y is the g-valued coordinate of degree 0 on g and y * is the g * -valued coordinate of degree d − 3 on g * [d − 3]. For an embedding i : Σ d−2 ֒ Σ d we get the auxiliary theory 
